















































































































Input space a

Outputspace y for regression or 1,1 for classification
Distribution unknown D overXXY
Lossfunction e yxy 0,1
Training set S XiY drawn i id from D

Find a hypothesisprediator h X Y that minimizes the populationloss
h E.fi ihN

Typicalapproach select a hypothesisclass Hey andminimizetrainingloss

arg.my LsChl InEalYih til

Optimization Generalization Expressiveness

Ab.ttminimizels I
Perform.ae sppynseendataYhiguhdef nti7s
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Pillars of Statistical Learning Theory


Setting

Task

Statistical learning rests on three fundamental pillars
















































































































Fp argmineyLp f ground truth minimizes Lb over all funcs

hp argMinnentLDh besthypothesis minimizes his over H

hs argminentLs h empirically optimalhypothesis minimizes Ls over H
I Thehypothesis returnedby our algorithm

For theory analyze learningalgorithms
For practice e.g whendebugging poor performance it can help
Pinpoint the underlying issue

high trainingloss optimization or expressiveness issue

low traininglossbuthighpopulation loss generalization issue

Generalization theory strives to derivebounds of the form

recoil w e 1 8 oversampling of 5

Dsh LDñ Ls I g M SH T S

shouldThenman

We wantthe bound to be
1 Tight
2 Insightful so that we can use it for designing neuralnetwork architectures
andtrainingalgorithms

Anexample for a tight but uninsightful boundis thelossover a Validation set

Our Focus: Mystery of Generalization in Deep Learning

Categorization to optimization, generalization, and expressiveness is useful














































































































Last lecture we saw uniform convergence bounds of the form

D recoil w e 1 8 oversampling of 5fromD

then ACh 91MEurFEET.geitttinldEafctydeaersnedmntyp'she's
thedata

Limitations of uniform convergence for explaininggeneralization
indeeplearning basedon empiricalevidenceeg from UnderstandingDeepLearning

Requires Rethinking Generalization Zhanget al 2017

1 NeuralnetworksNNd generalizewell in practiceevenwhen
learnedparameters trainingexamplese.g ResNet50 overCIFARIO
Inthiscase some parameterassignments i.e he7 thatminimize Ls

generalizepoorly Loch ishigh whileothersgeneralizewell h is low

Needbounds thatdepend on the learned hypothesish

2 The sameNNh can fit both the original trainingset
e.g CFAR10 and a set of the same size with randomdata labels

while achieving a farbetterthan trivial populationloss over the

original distribution D Ontheotherhand the populationloss over
random data is ofcourse

trivialy
Needbounds thatdepend on thedataset 5 or distributionD

Beyond uniform convergence













































































































Compression bounds are based on thepremise that the learned hypothesish
can be approximatedby a hypothesisfrom a muchsimplerclassH Forexample

It can containNNswithsignificantly fewerparametersthanthose
in H Inthis case I can inheritthegeneralization properties of H

To beconcretedenote d hint myp 11ha h'kill

reflects the
extenttowhirchhcanbecompressed

into H

tassallthat
the losse is p Lipschitzandthat It hasthefollowing

generalization guarantee
de1011 w p 21 8 over sampling of S fromD

that Achillecallter ngg.cat
is

some complexitymeasure

Then secondWep 1 8 over 5 AsT eap.dk H

Example It consists of hypotheses that can berepresentedusing b bits
and C 7 In1H11 b In2

left argyyy.suylthcxt h'kill Thus that i'all dch.int

Hypothesis dependence: compression-based bounds












































































































Itholds that Ls I Ls I'll 1 edithxii 1m ectiihcx.tl

IEaleYiTexil e Yi I k

lis eLipschitz tmeE.llhkilifff.hn

p.dk 7

Similarly can show that Lp I Loth'll p d int
Thus

As h Ldh Ls1h11 h Lisa'll IDs I'll Ls I Ls Ill
Asch'll 2p.d h H

combining this with the generalizationbound for H concludes the proof

EIs.la
a fullyconnected NNwithinputhidden and output dimensions all

equal to k and depth L

H X We6 WoGC 6Wax Wa weak

Weomitbiases for simplicityand assume the element wise activation

61 is 8 Lipschitzand satisfies 610 0 Forexample 61.7 can be

the ReLUactivation in which case 8 1














































































































Let H be the hypothesclass corresponding to the sameNNwith
parametermatrices constrained to be rank 1

It Xmucks a kindC 6 unix unmakeunmakea

The of parametersused to representat is 2kt as opposed to k L forH
Thegeneralization bound for H basedonquantized parameters is much
smallerthanthat for H ANNhett can inheritthebound for H if

d h H is small DenotebyWarWethe parametermatrices of h Let
Wh wd be theirclosestrank1 approximationsanddenotebyh the resulting
hypothesis It can be shown that

d hH q 11h4 hkill 8 I llWillspectrai lWiWillspectral 1,1111

has thecloser Win We are to rank 1 thelower our compressionbound
error will be

n the PACBayesapproach ratherthanderiving generalization bounds

for individual hypotheses one considersdistributions over H Let Q be such

a distribution Wedefine its populationandtraininglossesby

LD Q ELDCH LsQ Eftsh

PACBayesupperboundsΔsFQ Local Ls a according to thedistance
of a fromsome predetermined priordistribution P over H

Hypothesis and data dependence through PAC-Bayes bounds












































































































Intuitively As P is typicallysmall since does not depend on Sand if

Q is close to P thenAs e shouldalsobesmall

Theorem31.1 inShalevShwartz BenDavid 2014

LEFTbe a prior distribution over H and let decon Then we2.21 8
oversampling S fromD

distributionsQ overH As a KL
2

hfm

Where KLQ1P Enp n
ᵗ is the Kullback Leiblerdivergence

Examples based on computingNonvacuous GeneralizationBounds Dzingat Roy2017

Suppose H corresponds to a class ofNNs Parameterized byWEIR
We take the prior P to be N 0,6 I Gaussianwithzero meanand
independent componentshaving62 variance and to be N w̅ GI where

w̅eakare theparametersreturnedbyour learningalgorithm
Then KL Q1 P 1galw̅12andthePACBayesboundgives

a Lscal lw̅mtT
L ashesisits p

averages Lsoverneighborhood
of o can be seen as a measure
of flatness

This bound depends on both the learned hypothesisandthe data and
with additional tricks can give nonvacuous bounds in some settings
















































































































While PACBayes bounds can benonvacous
They are still far fromtight in standardsettings
Existingcomplexitymeasures that appear in generalization bounds

donot correlate well with generalization in practice and so
are unable to providepracticalguidelines seee.g Fantastic
GeneralizationMeasuresandWhere tofindThem Jiang et al 2020

Inotherwords it is still unclearwhat is the right complexity measure
to consider forNNs

Whenusing overparameterizedNNs learnedparameters trainingexamples

here are manyhypotheseswith low Ls somehave low as well while others

overfit The fact that gradient basedoptimization oftenfindshypotheses that

generalizewell is attributed to an implicit bias toward lowcomplexity
Characterizing this bias is a centralquestion inthe theory of deep learning
hisapproach is complementary to research ongeneralizationbounds if we

dentify a complexitymeasure that is implicitly minimized we can hope
derive a tight bound based on it

y
learnedhypothesis

Explaining Generalization via Implicit Bias

Conclusion: generalization bounds
















































































































NNsare typicallytrained usingvariants of gradientdescent GD

Namely if our hypothesis is parameterized by wee thenGDiteratively
updates the parametersaccording to

te am We We MPLSWe 45 I thingit

As wewill see the implicitbiascandependoneveryaspectof thealgorithm
eg theloss initializationandparameterization i.e NNarchitecture

Setting
S x y ER a

H XHCW WERK

LsW EnKwixisyil

Weare interested in the overparameterizedsettingwhere Lshasmultiple

globalminimaThisamounts to assuming k m moredimensionsparametersthanexamples

and that timexm are linearly independent

The solution set i e globalminima of Ls is G we

y

Questionof implicitbias whenminimizingLsVia GD whichsolutionwillweconvergeto

Optimization method: gradient descent

Overparameterized linear regression












































































































ts
p5T we minimizeLs via GD andthat GDconverges to a globalminimum of Ls

Thatis We light satisfiesLsWo 0 Then we is the solutionclosesttoWo

in Euclideandistance Woargminllww.lt

WEGJProof
FanyweRk

Dls w 2EnKwixis y Xi span tinyXm

Thus
We Wo EtonDlsWe WotEnditi Wo span xm.im

for me damLMER

Since affine spaces are closed this implies that we Wo span tinytin

Now the optimizationproblem A is stronglyconvexwith linearconstraints

Itsuniqueminimizer w can be characterized using the methodof

Lagrangemultipliers

11WEG i.e W X Yi for all i

21Dlw.aelwwoll2 Dlww a7i cwixis Yil
forsome

a atWol Entiti i
mg mE

w Wo Eff Xi
W Wo span tinyXm

SinceWosatisfies 1 and 2 we get that Wo WE
















































































































The implicit bias in linear regression depends onthe initializationwo
nmorecomplexsettingscharacterizingtheimplicitbias isoften notas clean but
an bedone thoughstillforsimplifiedmodels Differentmodelparameterizations

an yielddifferent implicit biasesevenwhenthe induced hypothesis
lass is thesame Forexample if weparameterize our linear model as

holy Kou Vov where0 u v easkand o is the element wise
productthendepending on the initialization the solution we get is not
the closest in Euclideandistance to the initialization

Morebroadly implicit bias can alsobe affected by the choice of
gradient based optimizationmethod GDSGDAdam andhyperparameters

such as the learning rate See Chapter8 of the course book
for additionalinformation and references Next we will see thetype
of implicitbiases that appear in classification problems

Setting
S Xiyil ER xE1,17
H X Sign w x weRk

LsW I e YiWix where e is the
logisticlosselyat Inheya
exp lossely a exp y a

Weassume S is linearlyseparable UER set Vie him Y U is 0

  Beyond linear regression

Linear binary classification


























Inthissetting thereexist infinitelymanylinearpredictors thatcorrectly
classify thetrainingexamples

H
y 1

2Dillustrations
121

4 1

hemaxmarginpredictor is

W 8195TaimyYY qq.mg Half s.t.fi yicwix.sn

Fhereexistdamydmeiatos.t.W
ndiYiXi

Forall ie 1 M if diso thenyi.catx 1 such i are thesupportvectors

w is the only vectorthatcan berepresentedinthisway
whilesatisfying y LwXi 21 for all i

theorem TheImplicitBias ofGDonSeparableData Soudry et al 2018
Suppose we minimizeLs via GD andthat limbswe 0 Then

11 Yat Yin
hatis GDconverges indirection to the Max marginpredictor



NotesTominimizeLs to zero Hullmustgo toinfinity so there is no finite
minimizer of LsThuswe look at convergence indirectionwhichfullyspecifies
hedecisionrule of thepredictorin our setting

is
rtneexelosss

DLslWe 1mEiexe yicweixis yiXi

minimizeLs it isnecessarythat y WEXi y for all it 1 M
has as Ls isminimizedonlyexamples with the smallest yi we Xi will
contribute non negligibly toDlsWe Theseexamples are precisely
the supportvectors As t no theywilldominateDlsWe andWe
Whichwillconverge in direction to a nonnegative linear combination

of thesupport vectors Bythe facts mentionedabove this implies
convergence in direction to the Maxmargin predictorw

is possible to prove an analogousresult for moreadvancedNNS such as

allyconnectedNNswithReLUactivations butnobiasterms In this case
he maxmarginpredictor is definedby

argmin110112s.t.Kiyi.holxilzy
where o is the parameters of
theNNho

hough here theguarantee is that GD withasmalllearning rate converges
ndirection to a critical point KKTpoint ofthisobjectivewhich is

not necessarily its globalminimizer fordetailssee Lyn L 2020 EDMaximizes

heMargin of Homogeneous NNs

Extension to ReLU networks



Inthesettingsthat we saw andmanyotherbeyondourscope implicitbiasminimizes

a norm of the parameters

Question doesimplicitbias simplyamount to norm minimization

Counterexamples

Razin Cohen 2020 ImplicitRegularization in DeepLearningMay
NotBeExplainablebyNorms ForcertainNNSshowsthat no norm is

beingminimized

Vardi Shamir 2021 ImplicitRegularization inRelUNetworks with the

SquareLoss For a singleReLUneuron implicitbias cannot be

framed as the exact minimization of any non trivial
continuous function of the parameters

These results suggest that it may be impossible to get such a
clean formalization of implicit bias in deep learning For example

may need to considerapproximate minimization of complexity
measures

n theinitialwave of deeplearning
NNs oftenhad parameters trainingexamples
NNswereoftentrained until thetraininglosswas completelyminimized

Implicit Bias in the Age of Language Models

Can Implicit Bias Be Explained by Norms?



Inthecontext of languagemodels
parameters trainingexamples at least in pretraining

Trainingloss is notcompletelyminimized Us teachgaffawpages

has
Generalization in distribution is perhaps not that surprising
Lessrelevant to discussminimal complexitysubject to fitting the data
However implicitbias interms of theoptimization trajectory of
the learningalgorithm is stillrelevant Foranygiven loss there can
be many parameter assignmentsattaining that lossandtheycan differ
in howthey generalizeespecially to downstream tasks

Implicit biasstillmatters but thequestion is messierand we still

lack a cleanformalization for modern languagemodelsettings


